Considering theories in sectors of large global charge Q results in a semiclassical effective field theory ( ) description for some strongly-coupled conformal field theories ( s) with continuous global symmetries. Hence, when studying dualities at large charge, we can have control over the strongly coupled side of the duality and gain perturbative access to both dual pairs.
Introduction
Strongly coupled conformal field theories ( s) play an important role in theoretical physics as they appear in many contexts, such as at fixed points of renormalization group flows and in the description of critical phenomena. In most cases, they however elude analytic treatments. A possible approach consists in considering such models in sectors of fixed and large global charge which gives rise to important simplifications [ -] . It enables us to write an effective action for the fluctuations around the lowest-energy state at fixed charge Q (which breaks time-translation invariance) which are in general encoded by one or more Goldstone bosons. Most terms in this effective action are suppressed by negative powers of the large charge.
The effect of working at large charge is a classicalization of the physics, in the sense that we can use a semiclassical description and a perturbative expansion for a strongly coupled system. We expect this classicalization of strongly coupled systems at large quantum number to have profound implications for duality, which usually bridges two different theories; one at strong coupling and the other at weak coupling. Since the above argument implies classicalization of a theory both at strong and at weak coupling, it implies the existence of a regime of overlap where both dual descriptions are simultaneously valid. In other words, the large quantum number expansion makes nontrivial strong-weak coupling dualities manifest by simultaneously classicalizing both sides. This approach was first applied in [ ] evaluating a duality [ , ] between the effective actions for the O(2) model and for an Abelian gauge theory at large charge. This duality was further exploited in [ ], allowing the authors to study operators of non-vanishing spin and large charge.
An important duality which involves on one side a strongly coupled , is the well-known -correspondence [ -] . In our present context, having a certain amount of control over the strongly coupled invites the question of whether we can apply the -correspondence successfully in such a case. Although AdS d+1 /CFT d was originally discovered in the context of N = 4 super YangMills ( ) theory and type superstrings for d = 4, it is now better understood as providing a more general 'strong-weak' duality between an AdS gravity theory in (d + 1) spacetime dimensions and a gauge theory living at the conformal boundary of AdS (for a classic review, see e.g. [ ]).
In this paper, we will confine ourselves to the low-energy or small string length l s = √ α limit on the gravity side. Due to the standard -identification L/l s ≈ λ p t 1 (L being the AdS radius and p some positive power depending on the precise nature of the duality) this implies that the dual originally (before considering it at large charge Q) has a strong coupling parameter λ t . We will also consider small Newton's constant G, which means that our gravity sector consists of the ordinary Einstein-Hilbert action plus additional fields. Usually, a small G on the gravity side implies s at large central charge C T by the relation
Here G is the (d + 1)-dimensional Newton's constant, which is also related to the d + 1 dimensional Planck length l p and Planck mass m p as G = (l p )
In what follows, we will be working with four dimensional (d = 3) Planck length and Planck mass. For a dual, boundary matrix model with SU(N) gauge group, the central charge C T is usually proportional to the total number of degrees of freedom, C T = O(N q ). For matrix models, q = 2. In these cases, with slight abuse of language, the G corrections in the bulk are often interpreted as 1/N corrections at the boundary. We will discuss this further in the following.
The main result of this paper is that the ground state energy at fixed charge in our
The proportionality factor is a constant, which depends on dimensions and conventions. This is mapped via the state-operator correspondence to the conformal dimension of the lowest-lying operator of charge Q in the .
effective field theory ( ) precisely reproduces the mass of the non-supersymmetric extremal anti-de Sitter-Reissner-Nordström ( -) black hole, to all orders in Q. In the main part of the paper, we will identify the central charge factor C T in the context of the boundary theories we are interested in. We will also include finite (but small) G corrections in terms of higher-derivative terms in the metric [ ] in a controlled fashion and understand their implications for the . These corrections imply that at the boundary, the central charge is always large but finite. Usually in the above limit, one has a classical, weakly coupled gravity theory in the bulk and a strongly coupled at the boundary. However, as mentioned above, if we consider both sides of the correspondence at large charge, we are in a novel sector of the duality where both sides are weakly coupled.
The plan of this paper is as follows. In Section , we first discuss the effective action for a at large global U(1) charge (Sec. . ) and then the -black hole in Einstein-Hilbert gravity (Sec. . ). We find an identical functional dependence of the energy in the and of the mass of the black hole as functions of the charge, which allows us to give a precise -dictionary (Sec. . ). In Section , we discuss the effects of higher-order terms both on the and the gravity side of the correspondence. In Section , we review the leading-order quantum corrections from the point of view of the gravity dual as given in [ , ] , which agree with our results. In Section , we conclude with a discussion of our findings and give further directions. In Appendix A, we briefly discuss the free energy of the boundary theory.
The linear sigma model and the black hole
In the following, we will present the observation that we can match the expression for the ground state energy of an to the expression for the mass of a four-dimensional -black hole. We consider the lowest-energy state of a three-dimensional with a global symmetry in a sector of fixed and large charge associated to a U(1) of the global symmetry. For the describing the low-energy physics at large charge, it is natural to investigate the corresponding thermodynamic quantities of an extremal -, as was first anticipated by [ ] and later by [ ]. We will briefly comment on this issue again in the conclusions, but for now, leave a detailed study of the inclusion of thermodynamic effects on both sides of the correspondence for future work. Nonetheless, comparing the two expressions and invoking the -correspondence allows us to find a precise dictionary between the and the black hole physics.
Effective action for a CFT at large global U(1) charge
We start by introducing an for a three-dimensional with an Abelian global symmetry in the limit of large charge Q. The idea is to restrict ourselves to a subsector of the theory where the charge is fixed and to use the inverse charge 1/Q as a controlling parameter for a perturbative expansion. The is generic so there are a priori no small parameters apart from 1/Q.
We assume that the ground state does not spontaneously break translational invariance. This means that we will expand around a classical fixed-charge ground state which is homogeneous in space. This is consistent with previous results for the O(N) vector models [ , ] and leads to very accurate predictions for the conformal dimensions of the lowest operator at fixed charge, which for the O(2) model were verified via lattice calculations [ ]. The theory lives on a manifold with a typical scale r 0 . Fixing a global charge Q induces a scale related to the charge density ≈ Q/r 2 0 . As discussed in [ ], this allows us to realize a consistent with a cutoff Λ that satisfies the hierarchy 1
In this regime, the system is described by an action that is approximately scaleinvariant. In the limit of large Abelian charge Q we assume that the dynamics is controlled by a single Goldstone field χ. This is the situation for the O(N) vector models [ ] and for some models with adjoint-valued order parameter [ , ] . We will come back later to the issue of the presence of other gapless modes. A simple Lagrangian density that realizes this physics within the regime of validity of Eq. ( . ) is given by
where Φ is a field that transforms in the adjoint of SU(N), P 6 (Φ) is an SU(N)-invariant sixth-degree polynomial and R is the Ricci scalar of the manifold R t × M on which the theory lives. Eventually, to compute the anomalous dimension of operators we will choose M = S 2 (r 0 ), so that R = 2/r 2 0 . In Section . we will see that this Lagrangian is indeed a good description of our physics when N is large. Taking Φ to have classical mass dimension 1/2, this model is manifestly (classically) scale invariant. Furthermore, the action is by construction invariant under global SU(N) transformations,
and the corresponding Noether current is given by the commutator
where b is an order-one parameter that depends on the global properties of the matrix-valued field Φ (see [ ]). For the purposes of this paper, we choose to fix the U(1) charge corresponding to the Chevalley generator
and to look for the corresponding homogeneous solution to the equations of motion ( ). This is equivalent to determining the state of lowest energy E at finite charge density J 0 . Up to obvious global symmetries, the desired solution takes the form
where the direction of the time-dependent e iµth can be embedded within the maximal torus as
and the time-independent Φ 0 is a Hermitian matrix with only two non-vanishing
The chemical potential µ and the radial amplitude v are related via the :
where λ is a (dimensionless) Wilsonian parameter of order one that depends on the precise form of the scalar potential P 6 . The Noether current for such a ground state is given by
so that the corresponding U(1) charge (henceforth denoted by Q) is given by
Notice that large charge implies via Eq. ( . ) a large chemical potential,
In the case of a two-sphere of radius r 0 , i.e. M = S 2 (r 0 ), by taking the vacuum expectation value ( ) of the Hamiltonian associated to Eq. ( . ) we can easily write the energy of the ground state as a function of the total charge Q:
The form of the ground-state energy dependence on the charge in Eq. ( . ) is quite general and applies to any system where the type of symmetry-breaking pattern is dictated by such a time-dependent . In addition to the matrix model we have reviewed here, it was found to describe the O(2) vector model and the supersymmetric N = 2 chiral model with superpotential W = Φ 3 in [ ] and the O(N) vector model in [ ]. Note in particular that the form of Eq. ( . ) does not depend on the details of the global symmetry group and it remains the same for all models with at least a U(1) global symmetry. We will see in the next section that E = E(Q) has precisely the same functional dependence as the mass of a -black hole as function of its charge.
Of course the infrared ( ) action associated to Eq. ( . ) is just a truncation. The actual Wilsonian action contains infinitely many higher-derivative terms which are compatible with the symmetries of the system. In [ ] it was first observed that when expanding around the fixed-charge ground state, all these terms are controlled by powers of the inverse charge 1/Q and do not change the effective description. We will come back to their role and see how to understand the validity of the Lagrangian in Eq. ( . ) from the point of view of the holographic correspondence in Section .
Another source of corrections are quantum effects. The analysis of the fluctuations around the homogeneous ground state Φ(t) shows that the low-energy dynamics corresponds to the spontaneous symmetry breaking pattern [ , ] :
( . )
For a generic system, its physics is described by one relativistic Goldstone π = π(t, x) with dispersion relation in momentum space (p ≡ | p|)
and (2 N/2 − 2) non-relativistic gapless modes with Galilean dispersion relation
In general, the existence of gapless modes around the homogeneous solution Eq. ( . ) is expected to modify the ground-state prediction for the energy on S 2 (r 0 ) in Eq. ( . ). However, non-relativistic modes do not contribute to the Casimir energy on S 2 (r 0 ) by construction [ ] and their effect appears at order 1/ √ Q and below. The first quantum correction to the energy formula is of order Q 0 and comes from the Casimir energy on S 2 (r 0 ) of the leading Goldstone field that we compute in Section . Just like the classical energy, this contribution is universal for all generic systems with at least a U(1) global symmetry. We will see in Section how to recover it when studying the fluctuations of metric and Maxwell field in the bulk around the dual -background.
The anti-de Sitter-Reissner-Nordström black hole in Einstein-

Hilbert gravity
We have seen that both the classical ground state in the and the first quantum correction depend only on the existence of a U(1) symmetry. On the gravity side, we can try to reproduce this physics starting with a U(1) gauge theory coupled to Einstein-Hilbert gravity in four dimensions with action
with negative cosmological constant −6/L 2 . The electric coupling constant is denoted by e and G is Newton's constant. Since there is no natural reason to have a hierarchy between the gravity and the gauge sectors, we expect the respective couplings L 2 /G and 1/e 2 to be of the same order. On general grounds [ ], this action will be a good approximation of the physics when the loop-counting parameter is small, i.e. when
We will come back to this fact in the next section when we introduce the holographic dictionary and then we will discuss the higher-order corrections in detail in Section . We consider the most symmetric classical solution to the , an anti-de SitterReissner-Nordström black hole with charge Q and Arnowitt-Deser-Misner [ ] ( ) mass M. In our conventions the (semiclassically integer-quantized) charge of a point particle at the origin is defined through
where S 2 ∞ is the boundary of a constant-time slice at infinity. The corresponding metric (asymptotically AdS as r → ∞) and gauge field are given by
where the usual -blackening factor reads
In fact, in the case of matrix models it is possible to independently fix more than one U(1) charge for a generic potential P 6 , as shown in [ ]. It is suggestive to think such multi-charge solutions might correspond to multi-center -black holes. For now, we leave this topic for future investigation.
The holographic coordinate runs from the boundary r = ∞ to the horizon r = r h . The boundary geometry is conformally equivalent to R t × S 2 (L). The chemical potential of the boundary is then introduced as
In fact, this µ will ultimately turn out to be the one parametrizing the classical solution Eq. ( . ) on the side. In order to set up the dictionary, we want to work in the extremal limit, i.e. at zero temperature, to relate to our previous description. This is achieved by looking for a double zero of f(r), i.e. the solution to the equations f(r h ) = f (r h ) = 0.
First, the horizon is always determined by the condition
This relates the mass of the black hole to the position of the horizon and to Q. Plugging the expression of M back into ( . ) we find
The other condition to be satisfied for extremality is
resulting in
From the last part in Eq. ( . ) we see that taking T = 0 implies a charged black hole of the smallest possible mass M. This is reminiscent of the lowest-energy condition leading to Eq. ( . ) on the side. The mass of the extremal black hole is ultimately given by
expressed only in terms of the charge Q and the bulk parameters L, G and e. This expression has precisely the same functional form as the energy on the side ( . ). If we identify M with the energy on the side, the extremality condition in the bulk is nothing but the lowest-energy condition (variational problem for spin-fields) in the . Since we want to compare this result to the of the previous section, we should think of M = M(Q) as an expansion for Q 1. In fact, the expression in Eq. ( . ) suggests that the natural "large parameter" for the expansion is a combination of the charge Q and the rest of the bulk parameters G, L and e so that M(Q) is expanded as
( . ) From this point of view, the fact that the energy in Eq. ( . ) agrees with the black hole mass can be seen as a matching of infinite terms in the asymptotic expansion at large charge.
At the beginning of this section we have seen that the classical gravity description is consistent in the regime of Eq. ( . ). In terms of the large parameter that we have found in the expansion, this means
We will see in the next section, by invoking our AdS/EFT dictionary, that this means that the expansion is well-defined when Q C T C J 1.
AdS/EFT/CFT dictionary
The identical functional dependence of the energy in the in Eq. ( . ) and of the mass of the black hole as functions of the charge in Eq. ( . ) suggests that we can match these two quantities and write a dictionary between the description and the dual gravity system. For starters, remember that at the boundary, the geometry is conformally equivalent to R t × S 2 (L). This is where the on S 2 (r 0 ) lives. It is then natural to identify L = r 0 .
Following the standard AdS/ dictionary we identify the boundary value of the conjugate momentum to A t with the charge density
In terms of classical mechanics, one can think of the holographic coordinate r as the "time" direction and then A t (r) as a generalized coordinate.
This tells us that the two integer parameters are naturally identified,
By the standard lore, we have a gravity theory with a U(1) gauge field which is dual to a field theory with some global U(1) symmetry. This does not contradict the fact that we have started with a non-Abelian matrix model in Section . . As long as the ground-state physics is considered, the abelianizes in the sense that the ground state at fixed U(1) charge of any matrix model behaves like the O(2) vector model (for a justification see Section . ). The identification Eq. ( . ) then tells us that the bulk gauge current is naturally mapped to the U(1) current which we have fixed in Eq. ( . ).
Next, we compute the boundary stress-energy tensor directly defined [ ] as the variation of the boundary action with respect to the induced boundary metric h ab (a, b run over the boundary coordinates),
where the boundary action terms can be found in (A. ) and (A. ). On-shell, we find that
with M the mass of the black hole in Eq. ( . ). All off-diagonal components are vanishing. Clearly, tracelessness of the energy-momentum tensor is satisfied, as it should for a boundary . Using the gravity-hydrodynamics dictionary (see [ ] for a review) we can associate the energy density and pressure P of the conformal superfluid at hand, to the time-like and space-like components of the boundary tensor, respectively: 2 and
In turn, this immediately implies that the (first) speed of sound of the conformal Goldstone is c 2 s := ∂P/∂ = 1/2, in agreement with Eq. ( . ). We will discuss this in detail from the point of view of the gravity dual in Section .
Equations ( . ) and ( . ) show that our natural guess is consistent with the standard -identifications and we can proceed with matching the other parameters appearing in the expression for the energy in Eq. ( . ) and the expression AdS 
or, equivalently
The usual -dictionary, moreover, maps the couplings on the gravity side to quantities in the . For the -black hole, we know [ , ] that the central charges, derived from the two-point function of T µν and J µ in the uncharged vacuum, behave like
As we already pointed out in the introduction, the central charge C T is a measure of the total number of degrees of freedom, which scales with some model-dependent positive power of N, C T = O(N q ). In Eq. ( . ) we have seen that the -description is consistent if L 2 /G ≈ 1/e 2 1. In terms of central charges this translates to
and for the parameters, we find
With these identifications we see that the condition in Eq. ( . ) for the consistency of the gravity description becomes
In this regime, both semiclassical descriptions in terms of and black hole gravity are consistent.
The complete --dictionary is given in Table . In the next section we will discuss and match the higher-order corrections on the two sides.
Higher-order terms
So far, we have studied the very simple action associated to Eq. ( . ) on the side. However, the full Wilsonian action contains an infinity of terms compatible with the symmetries of the system. We therefore need to consider higher-order corrections which, however, are still controlled by the large-Q expansion.
Similarly, we can also consider higher-order terms on the gravity side, which enter [ ] as order-by-order corrections in Newton's constant G or string length l s = √ α . Although both corrections are possible, in what follows, we will mostly restrict ourselves to the low energy or α → 0 limit to exclude massive string modes and only consider the higher-order terms arising from the small G or (equivalently on the side) small 1/N corrections. Because we already have established a hierarchy between Q and N in the large Q limit, Eq. ( . ), we will treat our background classically, without any "quantum gravity" modifications.
Higher-order terms in the effective CFT
We start from a simple model in which only the leading Goldstone and a massive mode appear,
The global U(1) symmetry acts by shifting χ → χ + and leaving a invariant. It was shown in [ ] that at fixed U(1) charge Q, the field a acquires a parametrically large a = v = O Q 1/4 which controls all the quantum corrections. Similarly, this controls most of the higher-derivative terms that are compatible with the Lorentz, U(1) symmetries and scale invariance and that are to be added to the sextic action.
The energy of the ground state at fixed charge is precisely the one given in Eq. ( . ).
Since we are at the critical point, there is no intrinsic scale to control the operators in the action. They all are on the same footing, with coefficients that are generically of order O(1). The only thing that distinguishes them is their Q-scaling, which we immediately find once we observe that we are expanding around a vacuum where χ(t, x) = µt with µ = O Q 1/2 and a = v = O Q 1/4 . The terms in the action ( . ) have non-negative Q-scaling:
while most higher-derivative terms have negative Q-scaling. Let us take for example the operator
It respects all the symmetries and has scaling dimension but when a is expanded around its as a = v +â, it has Q-scaling −3/2:
This is not completely general. In fact, there is a family of higher-derivative operators that is not Q-suppressed. Take the operator
It is Lorentz invariant and has both scaling and Q-dimension 0. This means that in the Wilsonian action any of the terms in the sextic action can and has to be dressed with an arbitrary polynomial F(O 0 ) and that the effect of the dressing remains important in the large-charge limit.
What is the effect of these terms on the energy computed by the ? One way of describing it is to say that the form of the large-Q expansion of the energy remains the same as for the sextic potential but all the coefficients are renormalized separately, i.e. the energy of the ground state on a sphere of radius r 0 is given by an expansion with unknown independent coefficients c n ,
A more efficient way to describe these terms consists in writing an effective action D.O. and S.R. would like to thank Martin Roček for discussions on this point.
for the Goldstone field χ alone, which will contain infinite terms with a manifest Q-scaling [ , ] (remember thatχ scales as O Q 1/2 while ∇χ scales as O Q 0 ):
where ∂χ = (∂ µ χ ∂ µ χ) 1/2 . The does not give us any control over the terms that are generically of order one. We will however see in the next section that using the -dictionary we can at least estimate their dependence on N. The very same considerations apply for any other system that exhibits the symmetry-breaking pattern discussed in Section . . By construction, the action in Eq. ( . ) describes the physics of the leading Goldstone field. We come back to this point in the beginning of Section .
The ultimate goal of the analysis is an asymptotic formula for the energy on a sphere of radius r 0 which, via the state/operator correspondence, is the same as a formula for the conformal dimension of the lowest operator of charge Q. The first terms in this expansion are so far
where the c n are parameters to be computed independently. We will see in Section . how some information about these coefficients can be extracted from the dual gravity picture.
Higher-order terms on the gravity side
Now that we have a better understanding of the possible higher-order terms on the side, it is a natural question whether this picture also appears in gravity. Indeed, the answer to this question is yes: these higher-order terms appear as higher-derivative corrections to the metric. Let us briefly comment on the nature of the corrections that we have in mind. For specificity, let us take the Gauss-Bonnet ( ) correction which is achieved by adding to the standard Einstein-Hilbert-Maxwell ( ) Lagrangian a term like
Here α is a dimensionless O(1) coefficient and is a length parameter which must be raised to the appropriate power for dimensional reasons. For example, the higher-order Lovelock terms, which are higher order corrections in curvature, should come with higher powers of . The quantities R, R µν and R µνγδ are respectively the usual Ricci scalar, Ricci tensor and Riemann tensor.
The choice of the length parameter above indicates the bulk perturbation expansion under consideration. As mentioned at the beginning of this section, we can either consider it to be 2 = G = l 2 p or (as is possible in string theory) string length corrections with = l s . If we restrict ourselves to the l s → 0 sector, the only meaningful choice is the first one, which corresponds to perturbations in G in the bulk. Given the dictionary in Table , in turn, we can recognize them as nothing but 1/N perturbations on the boundary (in case of the O(N) vector models or SU(N) matrix models etc.).
At order 2 , the generic quadratic term in the curvature takes the form
where α i are numerical parameters. For general values of α i one might wonder if we are not changing the nature of the thus introducing new degrees of freedom ( ) that would spoil the holographic correspondence. We will take the pragmatic stance that in our description these new terms are to be seen as perturbations around the usual action and assume that when they are expanded around the -solution they do not change its structure. Evaluating this correction, we can easily see that the large-charge expansion shows the same behavior as Eq. ( . ),
As mentioned before, if 2 = G, this contribution is suppressed by G/L 2 = O(1/C T ) against the leading term. One special choice for the quadratic term in the curvature is the square of the Weyl tensor. The corresponding correction to our -background ( . ) has no contribution of order O Q 1/2 :
Another special choice is the term corresponding to α 1 = α , α 2 = −4α and α 3 = α . In four dimensions, it is a total derivative and does not change the .
In summary, we see that the higher-order corrections to the -solution can still be organized in a series expansion in the parameter (3G) 1/2 eQ/(πL), with leading power 3/2. Now, each coefficient in this expansion is itself a series in the scale . The same organization of the corrections is possible for the mass of the black hole that will generically have the form
with the expansion coefficients (n counts the order in the Q expansion)
where we have explicitly recorded the overall L 2 /G = O(C T ) factor, such that all d 
For = 0 we recover the expression for the -black hole, where d 
However, as soon as the first correction in 2 /L 2 is incorporated, then d −1/2 generally develops an independent, subleading piece. For the special case of the term, where α 2 = −4α and α 3 = α this correction vanishes, showing that the term preserves the nested square roots in Eq. ( . ).
Comparison
From the discussion of the higher correction terms of both sides of the correspondence, we found Eq. ( . ) on the side and Eq. ( . ) on the gravity side. It is therefore natural to identify
The first observation is that the two expansions are mutually compatible. But we learn more than that. In fact, on the side, we had no control over the expansion coefficients c n . On the gravity side, however, we have seen that the d n are given by an expansion in , where the lowest term is the -black hole itself. Using the dictionary in Table , we can also write the c n as an asymptotic expansion in 1/C T = O(N −q ):
where the zeroth-order coefficients C
n are obtained by Q-expanding the ground state energy ( . ) computed from the Lagrangian ( . ). This suggests that the corresponding truncated action appropriately describes the physics in the regime of large N, where Q N q , as discussed before.
Quantum fluctuations
The relativistic Goldstone and its Casimir energy. As already discussed in Section . , the first non-trivial correction to the energy E(Q) derived within our is expected to appear at order Q 0 due to the relativistic Goldstone in Eq. ( . ). The dominant effect of this gapless mode in the effective action is most easily understood by using the non-linear sigma model introduced in Eq. ( . ) in terms of the χ field. The key observation is that once expanded in the (normalized) scalar fluctuations π(t, x) = 6k 3/2 µ 1/2 (χ(t, x) − µt), the effective action of Eq. ( . ) contains at order Q 0 only the (quadratic) kinetic term for π(t, x):
The first line gives us precisely the anticipated kinetic term for a relativistic Goldstone with speed of sound c s = 1/ √ 2. At this stage, we recall that neither the ground-state solution nor any higher corrections (discussed in Section . ) contribute at O(Q 0 ) ∼ O(1) in Eq. ( . ). This automatically means that the only source of terms with Q 0 -scaling in the energy expansion are quantum fluctuations, more precisely, the Casimir energy [ ] of the field π(t, x):
( . ) This Casimir energy modifies our prediction for the anomalous dimension Eq. ( . ) such that the final result of the analysis becomes
In the following paragraph we will find a precise agreement between this analysis and the spectrum of metric and gauge-field fluctuations in the dual picture.
Speed of sound in the gravity picture. In Section we have observed that the leading quantum correction in the comes from a relativistic Goldstone mode with speed of sound c 2 s = 1/2. This value can also be derived from general thermodynamic arguments (see the comment below Eq. ( . )). Moreover, we have seen that the corresponding contribution to the energy is classically protected, in the sense that there are no corrections of order Q 0 coming from the higher-order terms either in the or in the gravity picture. It is then natural to expect this mode to appear also in the gravity dual. This is in fact the case, as it was shown in [ , ] . We summarize here their argument. 
After Fourier-transforming the non-vanishing modes in momentum-space with p µ = (ω, p) along the boundary R t × S 2 , they look for solutions to the linearized (in g andÂ) at a generic point in r r h . Essentially, this reduces the problem of finding the spectrum of the boundary to the determination of the quasinormal modes in the -background. The investigation is exhaustively carried out combining analytic manipulations of the coupled system of linearized equations and ultimately numerical simulations, working in the hydrodynamic regime of small momentum p µ. Given that µ = O Q 1/2 , this hydrodynamic limit in our language corresponds to the large-charge scenario described by Eq. ( . ). The final result of the analysis of the quasinormal modes of the -black hole is that the corresponding boundary includes eight massive modes with gap proportional to the chemical potential µ = O Q 1/2 and one relativistic Goldstone with dispersion
This spectrum reproduces the leading part of the analysis of Section , including the massive modes with mass O Q 1/2 discussed in [ , ] . The fact that any gapped mode coming from the fluctuations around the -background appears with parametrically large mass (as anticipated from the picture) serves as an important verification for the self-consistency of the gravity description.
What is conspicuously absent though, are the non-relativistic gapless modes of Eq. ( . ). This shows that the simple -black hole cannot describe the full symmetry-breaking pattern that characterizes our at fixed (and large) charge. This is not surprising since this symmetry-breaking pattern depends on the non-Abelian global symmetry of the . Here we have however concentrated from the beginning on a U(1) subgroup. Despite this, we have seen that already our simple black hole solution can reproduce the dominating effects up to order one in the large-charge expansion of the anomalous dimension in Eq. ( . ).
Higher-order terms. The computation that we have outlined above is performed in pure gravity. How is it influenced by higher-order terms? By studying the energy on the bulk side, in Section . we have already shown that such terms generically do not change the nature of the large-Q expansion ( . ), however they do spoil the closed form structure of ( . ). On the other hand, in the general expansion there are only two terms with positive Q-scaling, which means that the leading effects of any higher-order correction can always be reabsorbed in a renormalization of the two parameters of the -black hole, thus leaving only corrections starting at order Q −1/2 , as we have seen in Eq. ( . ). Since the computation of the Goldstone mode in Eq. ( . ) depends only on the form of the -solution, we conclude that adding higher-order terms can only modify terms of order Q −1/2 and below, thus leaving the Q 0 leading-order Casimir energy in ( . ) unaffected.
Discussion
In this paper we have discussed the -correspondence for conformal field theories with (non)-Abelian global symmetry where a U(1) charge Q is held fixed under the hierarchy Q C T 1, C T being the central charge. In this regime, both sides of the correspondence are semiclassical and become perturbatively accessible. We start from the observation that the ground state energy as a function of Q for a simple coincides with the expression for the mass of an -black hole as function of its charge. Building from this, we propose a dictionary relating the effective field theory description with the gravity dual, which gives us a new handle on the coefficients of the . Using our gravity picture, we can promote these coefficients from simple numerical factors to actual functions of the parameters of the underlying , such as the central charge.
We would like to conclude this note with some observations relating our findings to some points raised in the literature as well as some natural directions for future investigation.
Stability and weak gravity conjecture
An immediate question that arises in our above analysis, is whether the extremal black holes considered in AdS space give rise to a stable solution at all. In what follows, we will focus in particular on the superradiant instability. We will not consider the precise numerical factors, but rather will focus only on all the physical variables and parameters involved.
In [ ], it was found that the -black hole has a superradiant instability if there is an operator with dimension ∆ and charge q such that
We are interested in the consistency of the picture, which means that we look only at the sector where all operators have charge q = Q and by construction dimension ∆ ∆ . We want to see if within this sector the superradiant instability is triggered.
One can straightaway see that with our dictionary for C T and C J ( . ) and using the leading large-Q behavior of an extremal -black hole ( . ), we precisely retrieve the regime of validity of our approximation (using ( . )),
Thus we see that our regime of validity in the large Q sector ( . ), is consistent with the proposed version of stability of the corresponding extremal -black hole, at least with respect to this mode.
In this spirit, our present work also has interesting consequences for the weak gravity conjecture (
) [ ], which was also discussed in this context by [ ]. In its generality, the is a conjectured statement about a consistent theory of quantum gravity in asymptotically flat spacetimes. It points out that for a given (dimensionless) gauge coupling g, there must be an associated light enough particle of mass m such that (recall that m 2 p = 1/G is the Planck mass in four spacetime dimensions)
In the original paper [ ], one of the motivating statements for the was that for a black hole (with the charge q playing the role of the coupling g), the above coupling to mass ratio must be larger than the corresponding value of an extremal black hole. In flat spacetimes, e.g. for a Reissner-Nordström ( ) black hole, the extremality condition is given by
This then directly implies ( . ). However, for our anti-de Sitter-Reissner-Nordström black holes, the connection between the extremal mass and charge is different in the large charge sector ( . ), so a similar argument must yield a different constraint. To understand this better, once again noting that for our extremal -black holes
to leading order in the large-Q expansion (and using ( . )), one might be tempted to instead suggest the following charge (coupling) q to mass (m) ratio as a potential statement for the :
This is of course motivated along the comments we made between ( . ) and ( . ) and is clearly along the lines of [ ], where the extremal black holes that we have, can now also decay without producing remnants. In above we have distinguished the Newton's constant G in ( . ) from the ordinary Newton's constant so that we can understand the effect of our analysis at large charge towards the issues of stability and the . Indeed we find that for (note that Q C T is also our effective expansion parameter on both the and gravity side)
the appropriately adjusted form of ( . ) precisely reproduces the stability statement of [ ] given in ( . ). Since we are in the regime ( . ), it guarantees that we are always below the usual four-dimensional Planck scale, G −1/2 Q < G −1/2 = m p , and as long as this is true, there is a sense in which our stable solutions can simultaneously satisfy the .
Further directions
In the following, we collect some of the most obvious questions to consider next.
Entropy. The entropy of the black hole discussed in Section . is
Using the dictionary of Section . , this can be rewritten as
where s 1 and s 2 are constants of order 1. It is a natural question to ask whether it is possible to reproduce this behavior from the .
Near-horizon AdS 2 and su(1, 1). In [ ] the field theory of a complex scalar was investigated at large charge. In particular, the associated 0 + 1 dimensional vacuum was explicitly constructed as a (generalized) coherent state showing the emergence of the su(1, 1) algebra as the operator algebra governing the quantum mechanics at fixed (and large) charge. The same algebra appears naturally [ , ] as an isometry of the near-horizon limit (r = r − r h ) of the extremal black hole, which is the Bertotti-Robinson black hole AdS 2 × S 2 with metric
This observation might help in shedding some more light on the conformal quantum mechanics dual to the geometry of the extremal black hole, at least as a large-charge state.
The vector models. The effective field theory discussed in Section was originally introduced to describe the Wilson-Fisher point of O(N) vector models [ , ] . These models do not have a known simple gravity dual, but one can wonder if they can still be related to the -black hole of Section . , at least in the limit of large charge. We would like to observe that if we try to apply the dictionary in Table and  use 
A The free energy of the boundary theory
Here we wish to compute the free energy of the boundary theory at r → ∞. Since the bulk action evaluated at the classical solution is naively divergent, we first need to perform the standard regularization of gravity divergences. Therefore, we introduce the regularized action S reg = S EH + S U(1) + (S GHY + S c.t. ) , (A. ) in terms of the original bulk action and additionally the Gibbons-Hawking-York boundary term (to ensure a well-defined variational problem) ) and the counter-term action [ ] suitable for four-dimensional AdS spaces,
h denotes the induced metric at the boundary, K = h ab K ab is the trace of the extrinsic curvature K ab (a, b run over the boundary coordinates) and R ∞ the Ricci scalar at the boundary hypersurface. We now apply the main -correspondence statement for the free energy of the dual , meaning we compute the on-shell action S reg (at any temperature T ): 
